In this paper, we introduce and study a new class A^* (λ,μ,ν,η,p,ζ,τ) of meromorphic multivalent functions defined by fractional calculus operator of the punctured unit disc U^*. On this class we obtain several results like, coefficient inequality, modified Hadamard product, (N,δ)-neighborhood, partial sums, convex linear combination and integral operator.
Introduction
Let W * ðpÞ be the class of meromorphic functions of the form f ðzÞ ¼ z Àp þ X ∞ n¼p a n z n ; ðn; p2N ¼ f1; 2; 3; …gÞ ;
which are analytic and multivalent in the punctured unit disc
We say that f ðzÞ is meromorphic multivalent starlike and meromorphic multivalent convex of order d ð0 d < p; z2; U * f ' ðzÞs0 and f ðzÞs0 Þ; respectively [11] Àp þ X ∞ n¼p a n z n ; ða n ! 0; n; p2N ¼ f1; 2; 3; …gÞ
In 2013 Atshan et al. [8] introduced the fractional differ-integral operator. They defined that operates as follows:
and ðk > ðmaxf0; mg À hÞÞ:
Now by using (1), (10) and (11) in (2), we find that
l;m;n;h n a n z n ; ð12Þ
It may be worth noting that, by choosing m ¼ l; h ¼ 1 and p ¼ 1; the operator W l;m;n;h 0;z f ðzÞ reduces to the Ruscheweyh derivative D l FðZÞfor the meromorphic univalent function [18] .
Next, we define the new class of meromorphic multivalent functions by giving the condition for the function f which defined in (1) belongs to the classA * ða; c; k; b; a; g; mÞ; by using (11) .
of the form (1) is said to be in the class A * ðl; m; n; h; p; z; tÞ; if satisfies the following condition: 
Some other authors were studies different classes of meromorphic multivalent functions with other operators like Aouf [2] , Aouf and Shammaky [7] , Raina and Srivastava [17] and Atshan and Kulkarni [10] , see also References [3e6] .
In this paper, we study and discuss the new class A * ðl; m; n; h; p; z; tÞ of meromorphic multivalent functions defined by fractional calculus operator in the punctured unit disc U Ã . We get several properties like coefficient inequality, neighborhood system, partial sum, extreme point and obtain some interesting results.
Coefficient estimates
In our first theorem, we give necessary and sufficient condition for a function f to be in the classA * ðl;m; n; h; p; z; tÞ: (1) is in the class A * ðl; m; n; h; p; z; tÞ: if and only if
where z ! 1;
Assume that (14) holds. It is sufficient to show that
l;m;n;h n a n z
l;m;n;h n a n t
Hence f 2A * ðl; m; n; h; p; z; tÞ:
Conversely, let f ðzÞ2A * ðl; m; n; h; p; z; tÞ: Then (13) holds so we have 
l;m;n;h n a n z n ðp 2 þ zÞz Àp þ P ∞ n¼p n½n þ zG l;m;n;h n a n z n t:
:
Since ReðzÞ jzj for all z, it follows that
l;m;n;h n a n z n ðp 2 þ zÞz Àp þ P ∞ n¼p n½n þ zG l;m;n;h n a n z n ) t :
Now, if z is real we haveW l;m;n;h 0;z fðzÞis real. Letting z/1 À through real values, we obtain
l;m;n;h n a n z n #
:
From the last inequality, we have
This completes the Proof Finally, sharpness follows if we take
l;m;n;h n z n ; ðn; p ¼ 1; 2; …Þ ð15Þ Corollary 1. If f ðzÞ defined by (1) is in the class A * ðl; m; n; h; p; z; tÞ; then a n t ðp 2 þ zÞ À 1 n½n þ p À tðn þ zÞ À 1G l;m;n;h n ; ð16Þ where z ! 1;
Neighborhood properties
The earlier works on neighborhoods of analytic functions by Goodman [11] and Ruscheweyh [19] for the elements of several famous subclasses of analytic functions. Altintas and Owa [1] considered for a certain family of analytic functions with a negative coefficient. Also, Liu and Srivastava [12] and Atshan [9] extend for a certain subclass of meromorphically univalent and multivalent functions. In this paper we define the ðn; eÞ-neighborhood of a function f2 w Ã ðzÞ as follows:
For the identity function eðzÞ ¼ z, we have N n;e ðeÞ ¼ ( q2A * ðpÞ : qðzÞ
Definition 2. A function f 2A * ðpÞ is said to be in the class A * ðl; m; n; h; p; z; tÞ, if there exists a function q2 A * ðl; m; n; h; p; z; tÞ such that f ðzÞ qðzÞ
Theorem 2. If q2A * ðl; m; n; h; p; z; tÞ, and
ThenN n;e ðqÞ3A * d ðl; m; n; h; p; z; tÞ: Proof. Let f 2 N n;e ðqÞ. Then by (16) we get X ∞ n¼p nja n À b n j e ; Which implies the coefficient inequality
Since q2A * ðl; m; n; h; p; z; tÞ, we have from Theorem
l;m;n;h p
:
So that
Therefore, by Definition (2),f 2A * d ðl; m; n; h; p; z; tÞ ; for d given by (19) Theorem 3. If q2A * ðl; m; n; h; p; z; tÞ, and
Then A * ðl; m; n; h; p; z; tÞ3N n;e ðeÞ:
Proof. Since q2A * ðl; m; n; h; p; z; tÞ, we have from Theorem (1) , that,
f ðzÞ qðzÞ À 1
l;m;n;h p p 2 ½2p À tðn þ zÞ À 1G l;m;n;h p À tp ðp 2 þ zÞ þ 1
On the other hand from (13) and (19), we have
Hence, by (17) we get q2 N n;e ðeÞ. That is A * ðl;m;n;h; p; z; tÞ3N n;e ðeÞ 4. Partial sum Theorem 4. Let f 2A * ðl; m; n; h; p; z; tÞ be given in (1). Define the partial sums S 1 ðzÞ and S m ðzÞ as Suppose that
l;m;n;h n t ðp 2 þ zÞ À 1 : 
Proof. We note that from (21) d nþ1 > d n > 1 ðn2NÞ; sofd n gðn2NÞis an increasing sequence, therefore
By setting
n¼p a n z n ; from (24), we find that 
n¼m a n z n 1 þ P mÀ1 n¼p a n z n ; By using (24), we have q 2 ðzÞ À 1 q 2 ðzÞ þ 1 ð1 þ d m Þ P ∞ n¼m a n 2 þ ð1 À d m Þ P ∞ n¼m a n À 2 P mÀ1 n¼1 a n 1 ; À z 2 U * Á and this show that Refq 2 ðzÞg > 0 , so (23) is satisfied Now , we define the functionf i ðzÞði ¼ 1; 2;Þ; as follows
a n;i z n ða n;i ! 0 ; n 2 NÞ; ð25Þ
and use it in the next three theorems. 
